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Abstract
Using the Matrix Product State framework, we generalize the Affleck-Kennedy-
Lieb-Tasaki (AKLT) construction to one-dimensional spin liquids with global
color SU(N) symmetry, finite correlation lengths, and edge states that can
belong to any self-conjugate irreducible representation (irrep) of SU(N).
In particular, SU(2) spin-1 AKLT states with edge states of arbitrary spin
s = 1/2, 1, 3/2, · · · are constructed, and a general formula for their correla-
tion length is given. Furthermore, we show how to construct local parent
Hamiltonians for which these AKLT states are unique ground states. This
enables us to study the stability of the edge states by interpolating between
exact AKLT Hamiltonians. As an example, in the case of spin-1 physical
degrees of freedom, it is shown that a quantum phase transition of central
charge c = 1 separates the Symmetry Protected Topological (SPT) phase
with spin-1/2 edge states from a topologically trivial phase with spin-1 edge
states. We also address some specificities of the generalization to SU(N)
with N > 2, in particular regarding the construction of parent Hamilto-
nians. For the AKLT state of the SU(3) model with the 3-box symmetric
representation, we prove that the edge states are in the 8-dimensional ad-
joint irrep, and for the SU(3) model with adjoint irrep at each site, we are
able to construct two different reflection-symmetric AKLT Hamiltonians,
each with a unique ground state which is either even or odd under reflec-
tion symmetry and with edge states in the adjoint irrep. Finally, examples
of two-column and adjoint physical irreps for SU(N) with N even and with
edge states living in the antisymmetric irrep with N/2 boxes are given, with
a conjecture about the general formula for their correlation lengths.
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1. Introduction
The Affleck-Kennedy-Lieb-Tasaki (AKLT) model of a spin-1 chain [1, 2],
with a biquadratic interaction equal to a third of the bilinear one, has played
an important role in proving Haldane’s conjecture that the Heisenberg spin-
1 chain is gapped [3, 4]. Indeed, it is the first model in the Haldane phase
of the bilinear-biquadratic spin-1 chain for which it could be proven ana-
lytically that the spectrum is gapped [1, 2]. This result was all the more
important given that the other points for which exact results were known,
with a biquadratic interaction equal or opposite to the bilinear interaction,
were known to be gapless [5–9].
Another equally important aspect of the AKLT construction is its exact
ground state, the first example of an exact wave function realizing a gapped
SU(2)-symmetric spin liquid hosting protected edge states at the end of
open chains. In the AKLT construction the physical spins are written in
terms of two virtual spin-1/2 degrees of freedom attached to each lattice site
which, simultaneously, form maximally entangled bond singlets between
neighboring sites. This can be conveniently reformulated in terms of a
Matrix Product State (MPS), and in that respect the AKLT construction
has played an important role in popularizing the MPS, which is nowadays
the standard formulation of the Density Matrix Renormalization Group
(DMRG) [10–13].
In addition to the well-known spin-1 AKLT chain, AKLT introduced
several other valence-bond solid (VBS) states in one and two dimensions
(the construction beeing the same in any dimension), always using virtual
spin-1/2 degrees of freedom, but either taking lattices with higher coordina-
tion number z such that the physical spin S satisfies S = z/2 (for instance
S = 3/2 on the honeycomb lattice or S = 2 on the square lattice) or also
by forming an integer number n of singlets on each bond, such that the
physical spin is now S = nz/2 [1, 2]. The AKLT construction has then
been generalized to integer spin-S chains with S/2 edge states [14], and to
VBS with SU(2N) symmetry but breaking translation and charge conjuga-
tion symmetries [15]. More recently, a number of generalizations have been
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proposed for SU(N) chains as well [16–21]. In all these constructions, the
physical state is built as a composite object of irreps of smaller dimension,
and the edge states are “fractionalized”[22, 23].
In the present paper, we discuss another generalization of the AKLT
construction in which the physical state is built as a composite object of
irreps of arbitrary dimension. The only condition on these irreps is that
they should be self-conjugate so that two of them can be used to build
a singlet. This construction is most simply done in the MPS language,
which we use throughout, and parent Hamiltonians are constructed in a
systematic way. This allows us for instance to discuss models of spin-1
chains with edge states of arbitrary spin s = 1/2, 1, 3/2, · · · , and to study
the quantum phase transition between topological and trivial phases with
half-integer respectively integer spin edge states. This construction turns
out to be quite useful for SU(N) states as well. It allows one to prove
for instance that the AKLT state for the 3-box symmetric representation
has edge states in the 8-dimensional adjoint irrep, a result plausible but not
proven in the context of the construction in terms of three local fundamental
representations.
The paper is organized as follows. In Section 2, we describe the general
construction of AKLT states with arbitrary self-conjugate edge states, and
we discuss the case of SU(2) spin-S states with S integer. Section 3 is
devoted to the construction of parent Hamiltonians, with the spin-1 chain
as an example. In Section 4, we study a Hamiltonian that interpolates
between the original AKLT model and one of the parent Hamiltonians of the
spin-1 AKLT state with spin-1 edge states, and we show that it undergoes
a quantum phase transition with central charge c = 1. In Section 5, we
discuss several aspects of the construction for SU(N) models, with emphasis
on SU(3) examples. Finally the results are summarized in Section 6.
2. General construction of AKLT states
We consider a one-dimensional lattice of L “spins” whose local degrees
of freedom are described by an irreducible representation (irrep) P of a
continous group G. In what follows we will mainly be concerned with the
case of G = SU(N) where the symmetry properties of the irrep P are
uniquely determined by its Young tableau αP , an array of boxes with 1 6
k < N rows such that the lengths αPj of the jth row satisfy αP1 > αP2 > ... >
αPk > 0. We denote this Young tableau by αP = [αP1 , αP2 , ..., αPk ]. When it
does not lead to extra confusion P and αP will be used interchangeably to
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denote the irrep P of G (but special caution must be brought to the case
where non-trivial outer multiplicities occur1, see below).
Any state of the one-dimensional lattice with L sites is a state living
in the tensor product space P⊗L. An AKLT state, or VBS, with physical
irrep P on each site is a state of P⊗L formed with singlets on each bond
between nearest neighbor sites. This state can be built by decomposing
the physical spin on each site into two “virtual” spins described by the
irreps VL and VR of G such that P ∈ VL ⊗ VR. The singlets on each bond
are then obtained by mapping two virtual spins VR, VL from neighboring
sites onto the singlet irrep and by mapping the two virtual spins on each
physical site onto the physical irrep. The virtual spins VL, VR determine
the nature of the edge states at the left and right end of a finite chain with
open boundary conditions (OBC). Since the singlet must belong to VL⊗VR,
the two virtual spins must be conjugate: V∗L = VR. When VL 6= VR one
can construct two AKLT states corresponding to the two different ways of
forming a singlet on two neighboring sites (this is obtained by exchanging
VL and VR). These two states break inversion symmetry. In order to avoid
this unwanted degeneracy we focus here on self-conjugate virtual spins V ≡
VL = VR. This defines an AKLT state |AKLT〉 ≡ |P ,V〉, Fig. 1(a). When
considering G = SU(N) with N > 2 the construction above needs to be
further specified because non-trivial outer multiplicities can appear in the
tensor product of two virtual spins
U = V ⊗ V . (1)
An example is provided in Fig. 2(a) in the case of G = SU(3) and V = .
The space U can be described by its content in terms of Young tableaux U,
U = ⊕
α∈U
Uα. (2)
Fig. 2(b) shows the set U in the above SU(3) example. The singlet irrep
α ≡ • appears necessarily in U with outer multiplicity 1, because V is self-
conjugate. This is unlike the physical irrep for which the shape αP ∈ U can
appear with outer multiplicity µαPU ≡ µP > 1 in U , as shown e.g. in Fig. 2
1The outer multiplicity of a given irrep in the tensor product of two irreps is defined
as the number of times it appears when writing this tensor product as a direct sum of
irreps. The inner multiplicity of a pattern-weight (p-weight) corresponds to the number
of states of a given irrep having the same pattern-weight, namely the same eigenvalues
in the Cartan subalgebra [24].
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(a) (a)P P P P
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(b) (b)
(b)
(V1, fa)
(V2, gb)
(P , hσ)
(c) (c)
(c)
(d) (d)
(d)
(e) (e)
h = 1 −
Figure 1: (a) AKLT state |P,V〉. The ellipses denote physical sites where two virtual
irreps V represented by the black dots are mapped onto the physical irrep P. Singlets on
each bond are represented by a thick line joining adjacent virtual irreps from adjacent
sites. On an open chain the edge states are determined by the unpaired virtual spins V at
the left and right ends of the chain. (b) Clebsch-Gordan coefficient 〈P, hσ|V1, fa;V2, gb〉.
(c) MPS form for PBC. The black circle is the singlet matrix and a wiggly line denotes
a physical index. (d) |P,V, ν; (α, hασ , j)〉. The thick leg pointing downward means that
all relevant irreps α with states hασ are kept. (e) Parent Hamiltonian.
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(a) (a)⊗ = • ⊕ 2 ⊕ ⊕ ⊕
(b) (b)
U =
{
•, , , ,
}
Figure 2: (a) Decomposition of U = V ⊗ V in the case of the SU(3) AKLT states
|P,V = 〉. (b) Irrep content U of the product subspace U . For P = (P = ) a
unique (two) AKT state(s) can be constructed.
for P = . Each of the µP copies of P in U leads to an AKLT state, which
we denote by
|P ,V , ν〉 , ν = 1, 2, ..., µP . (3)
Note that U = V⊗V also defines the Hilbert space associated with the edge
modes of an open chain. As a consequence we observe that once a virtual
irrep is chosen, namely once the edge states of an open chain are determined,
AKLT states possessing these edge states can be built for different physical
spins.
2.1. AKLT states as MPS
The construction of the AKLT states described above can be made ex-
plicit by use of the Clebsch-Gordan coefficients (CGC) for the irreps of the
group G. For two arbitrary irreps V1,V2 of G and an irrep P ∈ V1 ⊗ V2 we
define the CGC associated with V1 ⊗ V2 → P as
〈P , hσ|V1, fa;V2, gb〉 ,
a = 1, ..., dim(V1)
b = 1, ..., dim(V2)
σ = 1, ..., dim(P),
(4)
where fa, gb and hσ identify uniquely the states. For instance when G =
SU(N) one choses fa, gb and hσ to be the eigenvalues of the associated states
in the Cartan subalgebra. Figure 1(b) is a useful pictorial representation of
the CGC as a 2-to-1 fusion tensor. For a self-conjugate virtual irrep V we
define the CGC associated with the singlet
Sa,b = 〈•|V , fa;V , fb〉 (5)
and the ones associated with the physical spins,
Mσ,νa,b = 〈P , hσ, ν|V , fa;V , fb〉 , ν = 1, ..., µP . (6)
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The µP (unnormalized) AKLT states on a periodic chain of length L are
then given by the Matrix Product States (MPS)
|P ,V , ν〉 =
∑
σ
Tr (Mσ1,νSMσ2,νS...MσL,νS) |σ〉 . (7)
The pictorial representation of this MPS is given in Fig. 1(c). In what
follows we call d = dim(P) and D = dim(V), the dimensions of the physical
and virtual spaces, respectively. Defining (we temporarily forget about the
outer multiplicity index ν)
Aσ := MσS (8)
the correlation length ξ of the state |P ,V〉 is directly accessible from the
two eigenvalues of largest real part λ1, λ2 of the transfer matrix2
T :=
∑
σ
Aσ ⊗ Aσ (9)
through
ξ−1 = ln
(∣∣∣∣ λ1Reλ2
∣∣∣∣) . (10)
For a non-trivial outer multiplicity µP the correlation length ξ can be com-
puted for each state |P ,V , ν〉.
2.2. Examples: SU(2) integer spin-S AKLT states
The original AKLT state is a spin-1 chain made of virtual spin-1/2 de-
grees of freedom [1, 2]. From the discussion above one sees that there is no
such AKLT state with spin-1/2 edge states for higher values of the physical
spin. More generally one can construct an SU(2) AKLT state with physical
integer spin-S with any virtual spin-s satisfying s > S/2. This more gen-
eral construction was introduced initially in Ref. [25]. We focus here on the
construction of a spin-1 AKLT state with spin-1 edge states to illustrate
the procedure. Taking the eigenvalues in the Cartan subalgebra Sz with
the labelling f1 = +1, f2 = 0, f3 = −1, the necessary CGC are given by [24],
S =
1√
3
0 0 10 −1 0
1 0 0
 , (11)
2Since the CGC can be chosen to be real, the transfer matrix is real by definition.
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M1 =
1√
2
0 −1 01 0 0
0 0 0
 , M2 = 1√
2
0 0 −10 0 0
1 0 0
 , M3 = 1√
2
0 0 00 0 −1
0 1 0
 .
(12)
One obtains the correlation length ξ = 1/ ln 2 for this AKLT state, to be
compared to ξ = 1/ ln 3 for the original AKLT state with spin-1/2 edge
states [25]. For a physical spin S = 1 and a virtual spin-s we conjecture the
following expression for the correlation length,
ξ =
1
ln
∣∣∣1 + 1s(s+1)−1 ∣∣∣ (13)
which increases as ξ ' s(s + 1) for large s. More generally for a physical
integer spin-S with a virtual spin s = S/2 or s > S one obtains
ξ = − 1
ln
∣∣∣1− C2(S)2C2(s) ∣∣∣ (14)
where C2(S) = S(S+1) is the eigenvalue of the quadratic Casimir operator.
For s large the correlation length increases as ξ ' 2C2(s)/C2(S) = 2s(s +
1)/S(S + 1). The increase of the correlation length as the virtual spin
grows is probably related to the increase of the number of sites required to
write a valid parent Hamiltonian (see below). Equations (13) and (14) have
been empirically established on the basis of numerical calculations of the
correlation length for S = 1, 2, 3, 4 and s = S, S + 1/2, S + 1, but can be
proved rigorously [26].
3. Parent Hamiltonians
Since the work of AKLT parent Hamiltonians for VBS states were con-
structed using projectors defined with the use of the quadratic Casimir
operator [1, 2, 16, 17, 19, 20, 25]. This method, in spite of its extreme
simplicity, has the disadvantage that it does not always lead to a parent
Hamiltonian with a unique ground state, as we will show below. This failure
was circumvented by a more sophisticated procedure introduced in Ref. [23]
and [21], where the MPS form of the ground state is explicitly exploited,
only requiring that the MPS is injective (see below). Here we simply revisit
the construction in a more practical way and show how one can extract an
explicit expression for the Hamiltonians in terms of spin operators, making
the SU(N) symmetry manifest.
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3.1. AKLT construction
Parent Hamiltonians are defined as Hamiltonians for which a specific
state is the unique ground state (GS). In our case we are looking for local
gapped parent Hamiltonians which have a unique ground state for PBC and
a E-dimensional ground state manifold for OBC, where E = D2. Originally
the parent Hamiltonian of the standard AKLT state was constructed as a
sum of projectors onto the subspace of total spin-2 on two neighboring sites,
HAKLT = 2
∑
i
PS=2i,i+1, (15)
and, after subsequent rewriting of the projectors in terms of spin opera-
tors [1],
HAKLT =
∑
i
[
Si · Si+1 + 1
3
(Si · Si+1)2 + 2
3
]
. (16)
This construction ensures that all states having spin 0 or 1 on two neighbor-
ing sites have vanishing energy, while spin-2 states on two neighboring sites
are given a strictly positive energy. It was shown later that this Hamilto-
nian remains gapped in the thermodynamic limit [2]. The obvious problem
with this method is that it does not always lead to a Hamiltonian with
unique GS. For instance let us consider the AKLT state |S = 1, s = 1〉.
Since V = P a two-site approach would lead to the trivial solution H = 0,
because P⊗2 \U = ∅, namely there isn’t any state which belongs to P⊗2 but
does not lie in U . One must thus take l > 2 sites to form the Hamiltonian.
3.2. Physical Hilbert space on l sites
The full Hilbert space of l 6 L spins P can be decomposed into a direct
sum of irreducible representations,
P⊗l = ⊕
α∈A
V α (17)
where A is the set of Young tableaux α characterizing the transformation
properties of the Hilbert space V α under SU(N). The Hilbert space V α can
itself be decomposed into µα Hilbert spaces V αi , i = 1, ..., µα if the Young
tableau α appears with a non-trivial outer multiplicity µα in the tensor
product (αP)⊗l.
The Hilbert space associated with the edge modes of a l-site open chain
U = V ⊗V is not necessarily entirely contained in P⊗l which motivates the
definition of
K = P⊗l ∩ U (18)
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as well as its complement in P⊗l,
Q = P⊗l \ K. (19)
We should assume K andQ to be non-empty. IfQ = ∅ for a given l, it can be
made non-trivial by increasing l. The spaces U , K and Q can be described
by their content in terms of Young tableaux U, K and Q, respectively,
U = ⊕
α∈U
Uα, K = ⊕
α∈K
Kα and Q = ⊕
α∈Q
Qα. (20)
Denoting by µαK and µαQ the outer multiplicities of the shape α one can
further decompose Kα and Qα as
Kα =
µαK⊕
j=1
Kαj , α ∈ K, Qα =
µαQ⊕
j=1
Qαj , α ∈ Q. (21)
Let us now come back to the AKLT state |S = 1, s = 1〉, for which a two-site
approach is not valid, and let us consider l = 3. Then,
3⊗ 3⊗ 3 = 1⊕ 3× 3⊕ 2× 5⊕ 7 (22)
where a spin-S is denoted by its irrep dimension 2S+ 1. One would then
infer the form of the Hamiltonian
H =
∑
i
PS=3i,i+1,i+2 (23)
where again the projector onto the spin-3 subspace can be expressed in terms
of spin operators (see Eq. (A.9)). The Hamiltonian in Eq. (23) however
is not a valid parent Hamiltonian as defined above, because its GS is not
unique for PBC. This can be easily understood by using the notations above.
We have P⊗3 = V S=0⊕V S=1⊕V S=2⊕V S=3 and the spin-1 subspace can be
decomposed into 3 parts while the spin-2 subspace can be decomposed into
2 parts. Here K := P⊗l∩ U = U can be decomposed as K = KS=0⊕KS=1⊕
KS=2 and Q := P⊗l \ K = QS=11 ⊕ QS=12 ⊕ QS=2 ⊕ QS=3, as illustrated in
Fig. 3. The projector in Eq. (23) annihilates all states in V S=0⊕V S=1⊕V S=2,
namely K⊕QS=11 ⊕QS=12 ⊕QS=2 while the correct kernel should be restricted
to K.
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P⊗3
K
Q
KS=0
KS=1 KS=2
QS=11
QS=12
QS=2 QS=3
Figure 3: Decomposition of P⊗3 ≡ (spin-1)⊗3 for the construction of the parent Hamil-
tonian of the AKLT state |S = 1, s = 1〉 on l = 3 sites. Here the space U := V⊗V ⊂ P⊗3,
thus U = K.
3.3. Construction from MPS
The MPS form of the AKLT state |P ,V , ν〉 on l sites with open boundary
conditions (OBC) can be viewed as a D2 × dl linear map from the virtual
unpaired states to the physical space,
Mν : V ⊗ V → P⊗l
|V , fa〉 ⊗ |V , fb〉 → |P ,V , ν; fa, fb〉 . (24)
Note that it is not assumed here that K = U , as in Fig. 3, but K 6= U is
also possible. The state |P ,V , ν; fa, fb〉 is explicitly given by
|P ,V , ν; fa, fb〉 =
∑
σ
(Mσ1,νSMσ2,νS...Mσl,ν)a,b |σ〉 . (25)
The MPS on l sites is said to be injective if the mapMν is injective. Assum-
ing now that the mapMν is injective (if it is not, the injectivity condition
can be reached by increasing l [23, 27–30]), the E = D2 linearly independent
AKLT states |P ,V , ν; fa, fb〉 are not all orthogonal to each other. Taking
|P ,V , ν; fa, fb〉 to be unit-normalized one can form an orthonormal basis of
the image ofMν by taking
|P ,V , ν; (α, hασ , j)〉 =
D∑
a,b=1
〈α, hασ , j|V , fa;V , fb〉 |P ,V , ν; fa, fb〉 ,
α ∈ U, σ = 1, ..., dim(Uαj ), j = 1, 2, ..., µαU .
(26)
This rotation is pictorially represented in Fig. 1(d) where we attach the
2-to-1 fusion tensor of CGC to the MPS of the AKLT state. In Eq. (26) the
irreps α with outer multiplicity µαU and states labelled by their eigenvalues hασ
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in the Cartan subalgebra are the ones which appear in the tensor product
U = V ⊗ V . This change of basis ensures that all states are labelled by
SU(N) indices with proper eigenvalues in the tensor product basis of the
edge irreps. The states defined in Eq. (26) allow us to construct projectors
onto the different components of K as
PνKαj =
dim(Kαj )∑
σ=1
|P ,V , ν; (α, hασ , j)〉 〈P ,V , ν; (α, hασ , j)| ,
∀α ∈ K, j = 1, 2, ..., µαK.
(27)
Defining the l-site local Hamiltonian given in Fig. 1(e) [21],
hν = 1− PνMPS (28)
where
PνMPS ≡ PνK =
∑
α∈K
µαK∑
j=1
PνKαj , (29)
the parent Hamiltonian of the AKLT state |P ,V , ν〉 is finally given by
Hν =
∑
i
τi(h
ν) (30)
where τi is the translation operator such that τi(hν) acts on sites (i, i +
1, ..., i+ l − 1).
3.4. Family of parent Hamiltonians
Parent Hamiltonians of AKLT states are not unique. A simple example
consists in applying the method presented above on the original AKLT state
on 3 sites. One would obtain a 3-site local AKLT Hamiltonian, while the
usual form is the 2-site local Hamiltonian in Eq. (16). For a given length
l it is actually possible to determine the full family of parent Hamiltonians
acting on at most l sites. Let us consider again the physical space P⊗l and
let us assume that K = U , as in Fig. 3, so that PK+PQ = 1. Using the CGC
sequentially one can express all the states of each irrep β ∈ A in terms of
the states of the tensor product basis. We denote these orthonormal states
by
|Ψ(β,tβξ ,j)〉 . (31)
They correspond to contracting the tensor network given in Fig. 4. There is
12
(P , σ1)(P , σ2)(P , σ3) (P , σl)
⊕ (β, tβξ , j)
Figure 4: Construction of the states of P⊗l in definite symmetry sectors.
some arbitrariness in the CGC and in the labelling of the states. We exploit
this arbitrariness to ensure that the AKLT states defined in Sec. 2.1 are a
subset of the orthonormal basis
{
|Ψ(β,tβξ ,j)〉
}
. Projectors onto the different
subsectors can be constructed as follows,
Pβj =
∑
ξ
|Ψ(β,tβξ ,j)〉 〈Ψ(β,tβξ ,j)| . (32)
Similarly one can define “intertwiners” which map states of one irrep to the
other,
Xβj,k =
∑
ξ
|Ψ(β,tβξ ,j)〉 〈Ψ(β,tβξ ,k)| . (33)
Thanks to our previous choice of taking the basis in such a way that the
AKLT states are precisely basis vectors, then some of the projectors defined
in Eq. (32) correspond exactly to the MPS projectors given in Eq. (27). In
order to write the most general Hamiltonian on l sites one must consider
all the other projectors, namely the ones which project onto a subsector of
Q, and the associated intertwiners,
h =
∑
α∈Q
µαQ∑
i=1
cαi,iPQαi + µ
α
Q∑
j 6=i
cαi,jXαi,j
 (34)
where cα is a µαQ × µαQ symmetric positive definite matrix. Taking cα to be
the identity matrix, cα = 1µαQ one obtains h = PQ, the projector onto the
entire subspace Q, namely one recovers the MPS Hamiltonian.
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To summarize, the MPS method allows one to build a projector onto
the space K, which becomes the kernel of the Hamiltonian by defining
hMPS = 1− PMPS ≡ 1− PK. (35)
Alternatively one can build a parent Hamiltonian by projecting onto Q and
one has
h = PQ = 1− PK = hMPS. (36)
But the decomposition of Q into different sectors with definite SU(N) quan-
tum numbers allows us to extend this definition and to project separately
on each subsector, with a different positive coefficient. Moreover transitions
(swaps) within subsectors having the same SU(N) quantum numbers are
also permitted and are realized by the action of the intertwiners.
3.5. Examples: Spin-1 AKLT Hamiltonians
The spin-1 AKLT state with spin-1 edge states can again be used as an
illustrative example for the construction of parent Hamiltonians. Proceed-
ing as explained above from the MPS wave function on 3 sites we obtain a
3-site local Hamiltonian hMPS = 1−(PS=1MPS+PS=2MPS). This Hamiltonian being
real, hermitian and reflection symmetric, can be expanded in terms of at
most 8 SU(2) invariant operators acting on 3 sites (see Appendix Appendix
A). We end up with
HMPS =
∑
i
τi(hMPS) (37)
where
hMPS = 2− 1
4
S1 · S3 − 1
4
(S1 · S3)2 − 5
8
(
(S1 · S2)2 + (S2 · S3)2
)
+
3
8
((S1 · S2)(S1 · S3)(S2 · S3) + h.c.) .
(38)
On a periodic chain of length L the Hamiltonian reads
HMPS =
L∑
i=1
[
− 5
4
(Si · Si+1)2 − 1
4
Si · Si+2 − 1
4
(Si · Si+2)2 + 2
]
+
3
8
L∑
i=1
(
(Si · Si+1)(Si · Si+2)(Si+1 · Si+2) + h.c
)
.
(39)
The extrapolation of the bulk gap of this Hamiltonian versus 1/L is given
in Fig. 5(a).
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Let us define now the projectors onto the different spin subspaces of 3⊗3
as PSν where ν = 1, ..., µS and where we explicitly take PS=13 = PS=1MPS as well
as PS=22 = PS=2MPS (notice that PS=0 = PS=0MPS can equivalently be obtained from
the Casimir construction, Appendix A). We also introduce an “intertwiner”
S which exchanges the two spin-1 irreps living in Q (here S ≡ XS=11,2 +
XS=12,1 is hermitian to simplify the notation). The exact expressions of these
operators are given in Appendix A. The most general parent Hamiltonian
h acting on 3 sites can then be written as,
h = cS=11,1 PS=11 + cS=12,2 PS=12 + cS=11,2 S+ cS=2PS=21 + cS=3PS=3 (40)
where the coefficients cS=2 > 0, cS=3 > 0 and where the symmetric 2 × 2
matrix cS=1 with elements cS=1i,j must be positive definite. This ensures that
h is a positive semi-definite map, whose kernel is precisely the AKLT states.
Equation (40) together with Table A.2 as well as the positivity conditions on
the real coefficients provides an entire family of parent Hamiltonians for the
spin-1 AKLT state with spin-1 edge states. Note that, generically, inversion
symmetry is explicitly broken unless cS=11,1 = cS=12,2 and cS=11,2 = 0. The MPS
parent Hamiltonian given by Eq. (38) corresponds to taking cS=1 = 1,
cS=2 = cS=3 = 1, which is the only way to get a projector. The reflection
symmetric version (cS=11,2 = 0) of the Hamiltonian (40) has been derived in
Ref. [25], however without reexpressing it in terms of spin operators. An
explicit expression has then been obtained in Ref. [31], where cS=11,2 = 0 is
still assumed.
The freedom in the parameters in Eq. (40) can be used to get simpler
parent Hamiltonians. For instance, by a judicious choice of the coefficients
cS, one can derive a parent Hamiltonian with only 2-spin and 4-spin oper-
ators:
h4−spin =
7
3
− 1
2
(S1 · S2 + S2 · S3) + 4
3
S1 · S3
− 2
3
(
(S1 · S2)2 + (S2 · S3)2
)
+
1
3
(S1 · S3)2
− 1
2
((S1 · S2)(S2 · S3) + h.c.) .
(41)
In this Hamiltonian, we have removed the 6-spin operator from the MPS
Hamiltonian in Eq. (38) at the price of introducing 4-spin operators. On a
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Figure 5: Bulk gap ∆ of the spin-1 AKLT Hamiltonian with spin-1 edge states con-
structed (a) from the MPS wave function and (b) from the operators acting in the
subspace Q. Full lines are exponential fits w.r.t 1/L while dashed lines are power-law
fits. One obtains ∆MPS ' 0.641 and ∆4−spin ' 0.491.
periodic chain of length L the Hamiltonian reads,
H4−spin =
L∑
i=1
[
− Si · Si+1 + 4
3
Si · Si+2 − 4
3
(Si · Si+1)2 + 1
3
(Si · Si+2)2 + 7
3
]
− 1
2
L∑
i=1
(
(Si · Si+1)(Si+1 · Si+2) + h.c
)
.
(42)
Figure 5 compares the bulk gap of this parent Hamiltonian to the one of
the MPS Hamiltonian given in Eq. (39).
4. Interpolation of spin-1 AKLT Hamiltonians
The original AKLT Hamiltonian Eq. (16) lies in the Haldane phase,
which is a symmetry protected topological phase (SPT phase). In general
the parent Hamiltonian of the spin-1 chain with arbitrary half-odd-integer
virtual spin is expected to be in a SPT phase protected by a Z2×Z2 symme-
try (set of two orthogonal SU(2) pi-rotations), unlike the parent Hamiltoni-
ans with integer virtual spins [32]. The construction of parent Hamiltonians
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Figure 6: Low energy spectrum of the Hamiltonian H(λ) (see text) on (a) periodic
and (b) open chain of length L = 15 versus λ. For PBC the minimum of the gap
is indicated, as well as the position of the crossing of the second and third excited
states. The extrapolation of the position of this crossing to infinite size does not lead
to the approximate value of λc, preventing us to use level spectroscopy to extract more
accurately the critical point. Degeneracies, corresponding to momenta 0, pi or ±k are
indicated in parenthesis. For OBC one sees a quintuplet of states coming from the bulk
of HAKLT which collapses to zero energy at λ = 1 and leads to a 9-fold degeneracy of the
zero-energy ground state.
for spin-1 AKLT states with arbitrary edge states allows us to study the
transition between protected and unprotected phases by interpolating be-
tween the exactly solvable AKLT points. On general grounds, a critical
point with central charge c = 1 is expected between a Z2 × Z2 SPT phase
and a trivial phase [33].
In order to study the transition we define the Hamiltonian
H(λ) = (1− λ)HAKLT + λHMPS (43)
interpolating between the original AKLT spin-1 Hamiltonian given in Eq. (16)
(of unique GS |S = 1, s = 1/2〉) and the spin-1 Hamiltonian HMPS given in
Eq. (39) (of unique GS |S = 1, s = 1〉). The spectrum of this Hamiltonian
is given in Fig. 6(a) for PBC and in Fig. 6(b) for OBC.
We extract the position of the critial point λc by extrapolating to infinite
size the position of the mininum of the gap in the spectrum of H(λ). The
results are obtained with a combination of exact diagonalization (ED) up
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to rings of size L = 18 [34, 35] and of DMRG up to rings of size L = 44 3.
Figures 7(a) and 7(b) show the minimum of the gap and the associated
values of λ for the different system sizes. One obtains the value λc :=
λmin(∞) ' 0.8259. At the critical point the ground state energy per site of
the L-site chain is given by the CFT formula [36, 37]
0(L) =
E0(L)
L
= 0(∞)− picv
6L2
+ o(L−2) (44)
where 0(∞) is the energy per site in the thermodynamic limit, c is the
central charge and v the velocity of light. The latter can be obtained from
the energy E1(L) of the first excited state having momentum 2pi/L and
non-zero Casimir through the formula
∆E1(L) := E1(L)− E0(L) = 2piv
L
+ o(L−1). (45)
In practice we observe that it is more accurate to fit L∆E1/(2pi) = v+ o(1)
rather than simply ∆E1. The fits are shown in Fig. 8. The factor cv is
averaged between its value for even and odd lengths (discrepancy of order
4 percent). We finally extract the central charge c ' 0.9995, in very good
agreement with the expected value c = 1. In order to explore further the
conformal field theory at the transition point we plot in Fig. 8(b) the scaling
dimension of the primary fields associated to the first singlet and triplet
excited states, and extract a combination which removes the logarithmic
corrections [38, 39]. The results seem to converge to ∆ = 1/2. This,
together with the obtained central charge and the initial SU(2) symmetry
of the spin model, strongly suggests that the phase transition is governed
by the SU(2)1 WZW conformal field theory.
One can try to play the same game and investigate a linear interpolation
between AKLT Hamiltonians with spin-1 and spin-3/2 edge states. It seems
however that the transition is first order for the case we have looked at, as
discussed in Appendix B.
Note that similar phase transitions between VBS phases have been ob-
served in spin-2 chains. Denoting by J4 the positive weight of the pro-
jector onto the spin-4 irrep on two neighboring sites, it has been shown
that, when J4 = 1, the transition between the VBS phase of the so-called
“Scalapino-Zhang-Hanke” model with spin-3/2 edge states and that of the
3ITensor Library, http://itensor.org.
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Figure 7: (a) Minimum of the gap of the Hamiltonian H(λ) and (b) its position λmin,
obtained with ED and DMRG. One gets λc ' 0.8259(1). DMRG is for even lengths only
(L up to 44 sites). In (b), the cubic fit with vanishing linear term is over even lengths
L > 20 only.
AKLT model with spin-1 edge states has central charge c = 2 probably in
the SU(2)4 WZW universality class [40], while for J4 ' 0.27, there seems to
be a multicritical point with central charge c = 5/2 described by the SO(5)1
WZW conformal field theory [41, 42].
5. Application to SU(N)
5.1. General construction
The novelty appearing for SU(N) with N > 2 is the possibility to have a
non-trivial outer multiplicity µP > 1 of an irrep P in the tensor product of
two virtual irreps. When the dimension of the virtual irrep increases some
physical irreps appear with an increasing outer multiplicity. For instance
one can form only one SU(3) AKLT state | , 〉 but one can construct
two AKLT states | , , ν〉 , ν = 1, 2. Tables C.3 and C.4 give the
number of AKLT states one can construct for a selection of virtual and
physical irreps in SU(3) and SU(4), respectively. In what follows we will
focus on the 3 simplest SU(3) AKLT states with virtual space V =
highlighted in the first column of Table C.3. We will also consider two
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Figure 8: Critical behavior of the periodic L-site chain at λc = 0.8259. (a) Ground state
energy per site and fit to the CFT scaling formula. (b) Scaling dimensions of the primary
fields associated to the first excited states. ∆¯ := (3∆S=1 + ∆S=0)/4 is a combination
which removes the logarithmic corrections. (c) Gap ∆E1 of the first excited state at
momentum 2pi/L and non-zero Casimir. (d) Velocity of light v = L∆E1/(2pi).
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series of simple SU(N) AKLT states, N even, with fully antisymmetric
virtual spaces corresponding to the first column of Table C.4 for N = 4.
5.2. SU(3) AKLT state with physical 3-box symmetric irrep
In Ref. [17] Greiter and Rachel introduced various new AKLT states and
parent Hamiltonians for SU(N). A SU(3) VBS state with physical 3-box
symmetric irrep is described in terms of fundamental representations:
on each site, 3 virtual fundamental irreps are projected onto the physical
irrep, and extended singlets are formed on 3 neighboring sites. A valid
parent Hamiltonian could be derived using the quadratic Casimir operator:
due to the formation of the singlets the state of two neighboring physical
sites can be in any of the irreps appearing in( ⊗ )⊗2 = 2 • ⊕ 4 ⊕ ⊕ ⊕ . (46)
Using the result of the tensor product of two physical sites given in Fig. 9(a)
the simplest parent Hamiltonian is given by
h = 1− (P + P ) . (47)
By construction the above VBS is an AKLT state. However neither the
MPS form of the state nor the exact nature of the edge states emerge
from the construction. One can nevertheless provide an MPS-like picture
for this state by using the fact that the formation of singlets on 3 neigh-
boring sites involves the full anti-symmetrization of 3 fundamental irreps.
This is obtained simply by the action of the Lévi-Civita tensor. On the
other hand the projection onto the physical irrep must keep only the 10
fully symmetric states which are easily constructed with 3 colors A,B,C:
|AAA〉 , |BBB〉 , |CCC〉 , .... Figure 10 presents the AKLT state of Greiter
and Rachel in MPS-like form. A proper MPS can be obtained by contracting
the Lévi-Civita tensor to the tensor located above or below. This leads to
a MPS with auxiliary bond dimension 9 and correlation length ξ = 1/ ln 5.
We revisit now the construction of this AKLT state in the framework
of this paper. We define the AKLT state | , 〉 which, by construc-
tion, has edge modes defined by the adjoint representation of SU(3) and
auxiliary bond dimension 8 (see Fig. 9). The correlation length is given by
ξ = 1/ ln 5. The spectrum of the transfer matrix is actually precisely the
same as the one of Greiter and Rachel except the absence of the additional
17-fold degenerate eigenvalue 0. Moreover the spectrum of the reduced
density matrix coincide, except for the additional eigenvalue 0 occuring in
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(a) (a)⊗ = • ⊕ 2 ⊕ ⊕ ⊕
⊗ = ⊕ ⊕ ⊕
(b) (b)
A =
{
, , ,
}
K =
{
,
}
U =
{•, , , , } Q = { , }
(c) (c)
P ⊗ P
U = V ⊗ V
U•
U1 U2
U
K
K
K
Q
Q
Q
Figure 9: Decomposition of the physical and virtual spaces in the case of SU(3) for the
construction of the AKLT state |P = ,V = 〉. (a) Tensor product representations
appearing in P ⊗ P and V ⊗ V. Here the space U \ K 6= ∅ corresponds to unphysical
states which cannot be accessed on a 2-site chain with physical irrep P. (b) Irrep content
of the different subspaces. One notices in particular that the physical irrep P 6∈ K but
rather in U \K, and similarly for the singlet irrep •. (c) Schematic representation of the
physical and virtual spaces.
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Figure 10: SU(3) AKLT state of Greiter and Rachel for the physical 3-box symmetric
irrep written in a MPS-like form. The ellipses denote a map from 3 fundamental
irreps to the symmetric irrep. This is easily obtained by writing the states of the irrep
in terms of the virtual irreps with 3 colors: |AAA〉 , |BBB〉 , |CCC〉 , .... The black
filled circles denote antisymmetrizers which form extended singlet bonds on 3 neighboring
sites. Physical legs pointing upward or downward are equivalent.
Greiter and Rachel’s construction. Last but not least the overlap of the
states with PBC is unity, showing unambiguously that the two construc-
tions lead to the same AKLT state. In conclusion we have found an optimal
representation of the AKLT state introduced by Greiter and Rachel for
which the nature of the edge states is now manifest. We complement this
claim with Table 1 which shows the degeneracy of 0-energy states of the
Hamiltonian (47) derived by Greiter and Rachel (Eq. (55) of Ref. [17]) in
the relevant SU(3) subsectors [35].
5.3. SU(3) AKLT state with physical adjoint irrep
A natural and interesting extension of the previous section consists in
taking the adjoint irrep of SU(3) to be both the virtual and the physical
spin. This corresponds also to an extension of our spin-1 AKLT state with
spin-1 edge states since S = 1 is the adjoint irrep of SU(2). Here, the
Table 1: Degeneracy of the zero-energy spectrum of the Hamiltonian derived by Greiter
and Rachel for the SU(3) AKLT state with physical 3-box symmetric irrep . For
OBC the zero-energy states belong precisely to the symmetry sectors defined by the
irreps in ⊗ . For PBC there is a unique singlet GS.
•
PBC 1 0 0 0 0
OBC 1 2 1 1 1
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crucial novelty is the two-fold multiplicity of the physical irrep in the tensor
product of two virtual irreps (see Fig. 2(a)), which leads to two different
AKLT states. In order to characterize these states we notice that the CGC
associated with ⊗ → can be chosen to be either symmetric or
antisymmetric under the exchange of the virtual spins [21]. One thus has a
symmetric (under reflection) AKLT state | , ,+〉 and an antisymmetric
AKLT state | , ,−〉 (we replaced the multiplicity index ν = 1, 2 by
ν = +,−). These two states have correlation length ξ+ = ξ− = 1/ ln 2 and,
for each of them, we are able to construct a 3-site local, gapped, reflection
symmetric and SU(3)-invariant parent Hamiltonian (see Sec. 5.5). One can
also build AKLT states which do not have a well-defined symmetry under
reflection by mixing the CGC of the symmetric and antisymmetric tensors.
Defining
Mσa,b(θ) = cos(θ)M
σ,+
a,b + sin(θ)M
σ,−
a,b (48)
one has access to a continuous family of AKLT states parametrized by
the angle θ and denoted by | , , θ〉. Except at θ = 0, pi/2 the state
| , , θ〉 is neither even nor odd under reflection. Figure 11 presents
the spectrum of the transfer matrix associated with these states and their
correlation lengths versus the angle θ. It is worth mentioning a remarkable
fact: the transfer matrix has a very structured spectrum. Its eigenvalues are
degenerate with multiplicities corresponding to the dimensions of the irreps
appearing in the tensor product of two virtual irreps. Moreover the largest
eigenvalue is always the non-degenerate one (dimension of the singlet irrep).
Furthermore we observed that the largest eigenvalue of the transfer matrix
has the following expression,
λmax =
dim(P)
dim(V)2 . (49)
We have not been able to prove the degeneracy of the eigenvalues nor
Eq. (49), but these claims are supported by all cases treated in this pa-
per, and we have not been able to find any counterexample4.
4These claims are also true for AKLT states constructed from non self-conjugate
irreps. For instance the SU(N) AKLT states studied in Ref. [19, 21] also have these
properties. In that case analytical expressions for the eigenstates and eigenvalues of the
transfer matrix and their degeneracies could be obtained thanks to the special properties
of the adjoint irrep
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Figure 11: Correlation length ξ (thick line) and eigenvalues λi of the transfer matrix
versus angle θ of the SU(3) AKLT state | , , θ〉. The spectrum of the transfer matrix
is degenerate and the multiplicities correspond precisely to the dimensions of the irreps
appearing in V ⊗ V.
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Figure 12: SU(3) AKLT state with irrep P = on each site, formed by projecting
two fundamental and two conjugate irreps on each site onto the physical irrep and forming
two singlet bonds between every pair of neighboring sites.
5.4. SU(3) AKLT state with physical irrep P =
We discuss now briefly the last possible AKLT state with adjoint edge
states (apart from the state | , 〉 which is similar to | , 〉). This
state has physical irrep P = of dimension 27. One can build only one
such state, which has correlation length ξ = 1/ ln 3. A different construction
consists in taking two fundamental and two conjugate irreps on each physical
site, projecting them on the physical irrep on each site, and simultaneously
forming two singlets on each bond between neighboring sites, Fig. 12. The
resulting MPS has auxiliary bond dimension 9 while our construction has
D = 8. Moreover the nature of the edge states is not manifest (although
the presence of a fundamental and a conjugate irrep at both ends of an
open chain strongly suggests the emergence of edge states belonging to the
adjoint irrep).
5.5. SU(3) parent Hamiltonians
Once the AKLT states are defined the associated parent Hamiltonians
can be constructed along the lines of Sec. 2.1. In particular, for the physical
adjoint irrep P = one can build two 3-site local reflection and SU(3)-
invariant parent Hamiltonians which lie in a phase with no spontaneous
reflection symmetry breaking and with a unique ground state being either
even or odd under reflection (these are the two states | , ,±〉 discussed
in Sec. 5.3). This should be contrasted to the reflection-symmetric AKLT
Hamiltonian discussed in Ref. [19], in which the reflection symmetry of the
two ground states is clearly spontaneously broken, or the pure Heisenberg
Hamiltonian, which was claimed to lie in the same phase [43]. When the an-
gle θ 6= 0, pi/2 in Eq. (48) then the AKLT state | , , θ〉 breaks reflection
symmetry and so does explicitly its associated parent Hamiltonian, but the
ground state degeneracy is still the expected one, by construction: unique
ground state for PBC and E = D2 = 64 zero-energy states for OBC.
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P = N/2 , V = N/2
(b) (b)
P = N − 1 , V = N/2
Figure 13: (a) Physical rectangular irrep P and virtual antisymmetric irrep V for the
generalization to SU(N) (N even) of the SU(4) AKLT state | , 〉. (b) Physical adjoint
irrep of SU(N) and virtual irrep for the generalization to SU(N) of the SU(4) AKLT
state |Ad, 〉.
5.6. SU(N), N even: antisymmetric V with N/2 rows
We turn now to the case of SU(N), N even. The case N = 4 has already
been discussed in the litterature [20, 44, 45] and a selection of SU(4) AKLT
states is reported in Table C.4. We focus here on two families of simple
SU(N) AKLT states constructed from the same virtual fully antisymmetric
irrep with N/2 boxes. A representative of each of these families for N = 4
appears in the first column V = of Table C.4.
For a physical SU(4) square irrep of dimension 20 the simplest choice
consists in taking virtual spins living in the antisymmetric irrep of dimen-
sion 6. The correlation length of this state is given by ξ = 1/ ln 5. The
generalization to SU(N) (with N even) corresponds to a physical irrep
[2, 2, ..., 2] with N/2 rows (and two columns), made from two antisym-
metric virtual irreps with N/2 boxes each (see Fig. 13(a)). The dimensions
of these irreps as functions of N are given by,
dim(P) = 1
N + 1
(
N + 1
N/2
)2
, dim(V) =
(
N
N/2
)
(50)
where
(
n
p
)
is the binomial coefficient. From numerical diagonalization of
the transfer matrix up to N = 12 we conjecture a general formula for the
correlation length,
ξ =
1
ln(N + 1)
. (51)
When N = 2 this AKLT state corresponds precisely to the original AKLT
state, and so does the correlation length.
With two virtual antisymmetric irreps with N/2 boxes (N even) one can
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also form AKLT states with physical adjoint irrep (see Fig. 13(b)) 5. In this
case, again based on numerical exact diagonalization of the transfer matrix,
we conjecture the following general form for the correlation length,
ξ−1 = ln
(
N + 1
N − 3
)
. (52)
Here the correlation length increases with N , by contrast to the case of the
irrep with two columns, where the correlation length decreases with N .
6. Conclusion
In this paper, we have introduced a systematic construction of gapped
SU(N)-symmetric one-dimensional spin liquids exhibiting edge states in
open chains. This is based on a straightforward extension of the origi-
nal AKLT procedure applied to an SU(2) spin-1 chain. For this purpose we
have used the MPS framework in which each on-site physical SU(N) spin P
(characterized by a given Young tableau) is split into two identical virtual
SU(N) irreps V (virtual spins). For such a procedure to be realizable one
then needs that the fusion product of two (identical) virtual spins contains
(i) the physical irrep (possibly with a multiplicity) and (ii) the SU(N) sin-
glet. The condition (ii) is necessary to realize maximally entangled nearest
neighbor singlet bonds from all pairs of neighboring virtual spins, before the
on-site projections onto the physical states. Therefore, the virtual spin V
should be characterized by a self-conjugate irrep of SU(N). Moreover, any
fusion output of V⊗2, for any V self-conjugate, is a potential candidate for
a valid AKLT state, or several AKLT states if this fusion output appears
with a non-trivial outer multiplicity. Following such a procedure, we have
proposed a selection of classes of simple SU(3) and SU(4) AKLT states, as
well as two remarkable series of SU(N) AKLT state for all N even.
The existence of edge modes in open chains follows directly from our
AKLT construction: after cutting a (large) periodic ring between two sites,
one is left with a single unpaired virtual state at each end. Generically, the
virtual states remain confined at each end of the chain in a region set by the
5The tensor product of two antisymmetric irreps with N/2 boxes each can be decom-
posed into the direct sum of all irreps with two columns, p boxes in the second column
and N − p boxes in the first column, 0 6 p 6 N/2.
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bulk correlation length. Such edge states are topologically protected when-
ever they cannot fuse with (bulk) physical degrees of freedom P to give rise
to a non-degenerate ground state of the open chain. Such a process could
e.g. be forbidden thanks to the discrete symmetry subgroup ZN×ZN of the
global SU(N) symmetry group (SPT phases) [33, 46, 47]. In our case, this
occurs if N is even and if the number of boxes in the Young tableau defining
V is N/2 mod(N). Then, the edge states can only disappear if the corre-
lation length diverges at a quantum phase transition (or if a discontinuous
first-order transition occurs). We have provided explicit examples of edge
physics and phase transitions by constructing exact local parent Hamiltoni-
ans (some given by exact analytic expressions) of SU(2) and SU(3) AKLT
states with different types of edge modes. In the case of SU(2) spin-1 chains,
3-site and 4-site parent Hamiltonians with spin-1 and spin-3/2 edge states,
respectively, can be constructed. Using an interpolation, this enabled us to
investigate the transitions between two spin-1 SPT phases (with half-integer
s = 1/2 and s = 3/2 edge states) and the (unprotected) spin-1 phase with
spin-1 edge states. It would be interesting to study the same kind of transi-
tions for SU(N) models, in which case the phase transition can be expected
to be in other universality classes [33]. This is technically slightly more
difficult however because of the increasingly more complicated form of the
parent Hamiltonians, and this is left for future investigation.
Finally, this kind of construction can easily be extended to VBS in higher
dimensions. The virtual irreps should still be self-conjugate to build singlet
bonds, but the physical irrep can be any irrep appearing in the product of
z virtual irreps, where z is the coordination number. Work is in progress
along these lines.
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Appendix A. SU(2) invariant operators for spin-1 on 3 sites
For an irrep P of SU(N) on l sites with the decomposition
(
αP
)⊗ l
=
p⊕
i=1
µi αi (A.1)
one can build W SU(N) invariant operators acting on l sites, where W =
W1 +W2 and
W1 =
p∑
i=1
µi, W2 =
p∑
i=1
µi(µi − 1). (A.2)
These operators can be chosen as follows: W1 projection operators Pαiν , i =
1, ..., p, ν = 1, ..., µi onto the different irreps appearing in the decomposi-
tion (A.1); W2 operators Xαiν,ν¯ , 1 6 ν 6= ν¯ 6 µi which maps the ν-th block
of irrep αi onto the ν¯-th block if αi has a non-trivial outer multiplicity
µi > 1 in Eq. (A.1). These operators can further be combined into W2/2
time-reversal (TR) symmetric operators, Sαi(ν,ν¯) = X
αi
ν,ν¯ +Xαiν¯,ν and W2/2 TR-
antisymmetric (or “chiral”) operators Aαi[ν,ν¯] = i(X
αi
ν,ν¯ − Xαiν¯,ν). We thus end
up with m TR-symmetric and n TR-antisymmetric operators with m and
n given by
m =
p∑
i=1
µi(µi + 1)
2
, n =
p∑
i=1
µi(µi − 1)
2
. (A.3)
If the lattice of l sites has an additional point-group symmetry (in our
case, the reflection symmetry R), one can further characterize the operators
wrt this point-group symmetry. Here the operators will be denoted as “R-
even/R-odd” operators if they are reflection symmetric or antisymmetric,
respectively.
For instance, for three S = 1 spins on 3 sites with the decomposition
given in Eq. (22) one can build W1 = 7 projection operators onto the differ-
ent spin sectors, 6 interchange operators XS=1ν,ν¯ , 1 6 ν 6= ν¯ 6 3 within the
spin-1 subspace and 2 interchange operators XS=21,2 , XS=22,1 within the spin-2
subspace. After performing the (anti)symmetrization of the interchange op-
erators to obtain SS(ν,ν¯) and AS[ν,ν¯] for S = 1, 2 one can reexpress all operators
in terms of a (non-orthonormal) basis of combinations of spin operators
which we chose as follows: 11 TR-symmetric, hermitian and purely real
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operators, among them 8 R-even and 3 R-odd operators (O3, O6 and O11
are the R-odd operators):
O1 = 1,
O2,3 = 1
2
(S1 · S2 ± S2 · S3) ,
O4 = S1 · S3
O5,6 = 1
2
((S1 · S2)2 ± (S2 · S3)2) ,
O7 = (S1 · S3)2,
O8 = (S1 · S2)(S1 · S3)(S2 · S3) + h.c.,
O9 = (S1 · S2)(S2 · S3) + h.c.,
O10,11 = ((S1 · S3)(S2 · S3)± (S1 · S2)(S1 · S3)) + h.c.,
(A.4)
and 4 “chiral” (3 R-odd and 1 R-even), hermitian, purely imaginary opera-
tors (C4 is the only R-even operator):
C1 = S1 · (S2 × S3) ,
C2 = i [(S2 · S3)(S1 · S3)(S1 · S2)− h.c.] ,
C3,4 = i [((S1 · S2)(S2 · S3)(S1 · S3)∓ (S2 · S3)(S1 · S2)(S1 · S3))− h.c.] .
(A.5)
The projectors onto the entire subspace of definite spin on 3 sites can
be obtained from the Casimir construction. Denoting ST = S1 + S2 + S3
the total spin we have,
PS=0 =
1
288
(
S2T − 2
)2 (
S2T − 6
) (
S2T − 12
)
, (A.6)
PS=1 =
1
80
S2T
(
S2T − 6
) (
S2T − 12
)
, (A.7)
PS=2 =
1
864
S2T
(
S2T − 2
) (
S2T − 12
)2
, (A.8)
PS=3 =
1
720
S2T
(
S2T − 2
) (
S2T − 6
)
(A.9)
and we recall that for spin-1 we have
(S1 · S2)3 = 2 + S1 · S2 − 2(S1 · S2)2. (A.10)
Choosing explicitly PS=13 = PS=1MPS and PS=22 = PS=2MPS all these operators can
be expressed in terms of the SU(2) invariant operators defined in Eq. (A.4),
Table A.2, where we have used S ≡ SS=1(1,2) to simplify the notation.
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Figure B.14: (a) Minimum of the gap of the Hamiltonian H(λ) and (b) its position λmin
for the interpolation between |S = 1, s = 1〉 and |S = 1, s = 3/2〉.
Appendix B. Phase transition to Z2 × Z2 SPT phase
For the transition from |S = 1, s = 1〉 to |S = 1, s = 3/2〉, Figure B.14
shows the minimum of the gap and its position along the interpolation line
between the MPS parent Hamiltonians of these two states. The results are
in favor of a first order transition. A detailed study of the interpolation of
these Hamiltonians along a different line possibly leading to a continuous
phase transition is left for future work.
Appendix C. Outer multiplicities for SU(3) and SU(4)
Tables C.3 and C.4 provide the outer multiplicity of a given physical
irrep P in the tensor product of two virtual irreps V , for a selection of self-
conjugate virtual irreps V of SU(3) and SU(4), respectively. These outer
multiplicities thus correspond to the number of independent AKLT states
|P ,V , ν〉 one can construct as described above.
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Table A.2: Expansion coefficients of the projectors PSν and of the intertwiner S onto the
set of SU(2) invariant operators OA, A = 1, ..., 11 defined in Eq. (A.4). The projectors
PS=13 and PS=22 are equivalent to the MPS projectors PS=1MPS and PS=2MPS, respectively.
PS=0 PS=11 PS=12 PS=13 S PS=21 PS=22 PS=3
O1 −1
3
5
7
31
35
−1 −4
7
√
2
5
1
3
1
3
1
15
O2 −1
3
0 0 0 0 −1
3
1
3
1
3
O3 0 0 0 0 0 0 0 0
O4 1
6
−11
28
−16
35
1
4
3
7
√
10
1
2
−1
6
1
10
O5 1
3
−17
28
−19
35
3
4
− 3
7
√
10
−1
6
1
6
1
15
O6 0 −1
7
1
7
0 3
7
√
10
0 0 0
O7 1
6
− 3
28
−12
35
1
4
11
7
√
10
1
6
−1
6
1
30
O8 −1
6
11
56
8
35
−1
8
− 3
14
√
10
− 1
12
− 1
12
1
30
O9 0 1
14
1
35
0 1
7
√
2
5
−1
6
0 1
15
O10 1
12
− 1
28
− 1
70
0 − 1
7
√
10
0 − 1
12
1
20
O11 0 − 1
14
1
14
0 3
14
√
10
0 0 0
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Table C.3: Selection of SU(3) AKLT states |P,V〉 classified according to their physical
and virtual irreps P and V, displayed in the first column and first row, respectively. The
table shows the number of independent AKLT MPS (a cross means no AKLT state can
be constructed). For all but the first virtual irrep there are physical irreps which are
accessible but are not shown. The numbers in bold correspond to the 3 cases studied
here.
V
P [8, 4]
2 2 2 2
1 3 3 3
× 2 4 4
[8, 4] × 1 3 5
[10, 5] × × 2 4
[12, 6] × × 1 3
1 1 1 1
× 1 1 1
[9] × × 1 1
[12] × × × 1
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Table C.4: Selection of simple SU(4) AKLT states |P,V〉 classified according to their
physical and virtual irreps P and V, displayed in the first column and first row, respec-
tively. The table shows the number of independent AKLT MPS (a cross means no AKLT
state can be constructed). For the 3 last virtual irreps, there are additional physical ir-
reps which are accessible but are not shown. The numbers in bold correspond to the 2
cases studied in the text.
V
P [6, 3, 3]
1 1 1 2 2 2
× 1 1 1 3 3
[6, 3, 3] × × 1 × 2 4
[8, 4, 4] × × × × 1 3
[10, 5, 5] × × × × × 2
[12, 6, 6] × × × × × 1
1 1 1 1 1 1
× 1 1 × 1 1
[6, 6] × × 1 × × 1
× 1 1 × 2 2
[6, 4, 2] × × 1 × 1 3
[6, 5, 1] × × 1 × × 2
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